NESTED BIPARTITE GRAPHS

BY
FRANZ HERING*

ABSTRACT
We investigate a class of bipartite graphs, whose structure is determined
by a binary number.

Introdaction

We call a graph nested, when among every 4 points, spanning two disjoint
edges, there is at least one additional edge. We investigate the class of nested
bipartite graphs and for example calculate the number of nonisomorphic ones
with m points. Then we study the complete bipartite graph, in which the edges
are coloured with two colours, such that every colour defines a nested partial
graph. The investigation is motivated by the relation of such graphs to the com-
binatorial structure of a certain class of convex polytopes [2]. It raises a com-
binatorial problem which we cannot solve: In a binary number with m digits
count the number of ‘alternating’ subsequences with n digits, n < m. What
is the maximal number of such subsequences?

1. The structure of nested bipartite graphs

Throughout this paper, a graph y = (M, *P) is always an undirected graph
without loops and double edges, having the (not necessarily finite) set M as its
pointset and P as its set of edges. Therefore we assume

PB < {{a,b}: a,beM, a # b}.
A bipartition {P,Q} of M (ie. PUQ =M, PNQ = ¥) is a bipartition
of yif
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{{a,b}ePB: a,beP} = {{a,b}eP:a,beQ} = &.

Then y is a bipartite graph. Furthermore

DEFINITION 1.1,y = (M,*B) is nested, when for every {a,b}, {c,d} e at
least one of the sets {a, ¢}, {a,d}, {b,c}, {b,d} is in P, too.

LemMA 1.1. In a nested graph the nonisolated points form a component.
Every two points of this component are joined by a chain of at most three edges.

PrROOF. When a,b are nonisolated in y = (M,B), we have c,deM with
{a,c}, {b,d} € P. When {a, c}N{b,d}# J, then a, bare joint by a chain of length 2
or less. Otherwise the nested property gives us an additional edge among these
points and so a chain of length 3 or less between a and b. [

To aeM in y = (M,P) we denote

Ly Bla): = {beM:{a,b}eP}.

LeMMA 1.2. Suppose y = (M, B) is bipartite and {P,Q} is a bipartition.
Then v is nested if and only if

(1.2) PB(a) = P(b) or P(b) = P(a) for every a,beP.

ProOF. When (1.2) is violated, we get ¢ e PB(a) \B(b), deP(b) \P(a), i.e.
{a,c}eB, {b,c}¢P, {b,d}eP, {a,d} ¢ P. Furthermore {a, b}, {c,d} ¢, for
{P,Q} is a bipartition of y. So y is not nested.

Conversely, when y is not nested, we find {a,c}, {b,d} P with {a, b}, {a,d},
{b,c}, {c,d}¢P. We may assume a,be P, so c€P(a) \B(b), deP(b) \P(a),
.e. (1.2) is violated. []

ProPOSITION 1.1. Suppose M is a linear ordered set having the order rela-
tion < and {P,Q} is a bipartition of M, furthermore

(1.3) PB: = {{a,b}: acP, beQ, a<bh}.
Then y: = (M,B) is a nested bipartitite graph with the bipartition {P,Q}.

Proor. {P,Q} is a bipartition of y according to (1.3). For the nested property
take a, ceP, b, deQ with {a,b}, {c,d}€®PB. So a<b, c<d. When a = c,
then a < d, so {a,d}eP; when ¢ < a, then ¢ < b, so {b,c}eB. [
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We want to show, that every nested bipartite graph y = (M, 8) may be ob-
tained in this way. So we have to construct a suitable linear order relation on M.

DerFINITION 1.2. Suppose y = (M,P) is bipartite, {P,Q} is a bipartition and
a, beM. Then a, b are equivalent iff a, be P or a,beQ and P(a) = P(b).
We write a ~ b, d is the equivalence class of a. The equivalence classes are called
blocks, more specific d is a P-block if ae P and a Q-block otherwise. Further-
more

P: ={d:aeP}, Q: = {b:bcQ}, M: = PUQ

B: = {{d,0}: {a,b} B}, 5: = (M.P).

Obviously 7 is again a bipartite graph having the bipartition {P,Q} and
y is isomorphic to 7. The equivalence relation on M depends not only on y, but
also on the bipartition {P,Q} . However, this ambiguousity is only relevant for
the isolated points, for when P(a) # F, then P(a) = P(b) implies a, beP or
a, beQ.

Now we are prepared to define a linear order on M having the properties of
Proposition 1.1:

DeriniTiON 1.3, Suppose y = (M,B) is nested, bipartite and P <M such
that {P,Q} is a bipartition of y. We define a P-relation < on M as follows:

i) On every block d e M the relation < is a linear order.

Now suppose a, be M are not equivalent. Then a < b holds if and only if
one of the following conditions is satisfied:

ii) a,be@, P(a) = P(b)

iil) a,beP, Pb) = P(a)
iv) acQ, beP, {a,b}¢PB
v) aeP, beQ, {a,b}eP.

LemMMA 1.3. 4 P-relation < develops canonically from M upon M and defines
a P-relation = .

Proor. For d4,beP, d = b, define d = b iff there exists acd, beb with
a<b. Then a’ < b’ for every a’ed, b’eb. Therefore = has the properties
(i), -+ (v) of Definition 1.3. [

A P-relation is not uniquely defined to a given P, for it is an arbitrary linear
order within every equivalence class . However, this is obviously the only
ambiguousity:
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LemMa 1.4, When <; (i = 1,2) are P-relations, then 2, = Z,.
Proor. Obvious from Definition 1.3. []

Lemma 1.5. When < is a P-relation, then the inverse relation > is a
Q-relation.

Proor. This is again an immediate consequence of Definition 1.3. ]

THEOREM 1.1. If y = (M,B) is a nested bipartite graph, then every P-re-
lation is a linear order on M and

(1.4 B = {{a,b}: acP, beQ, a<b}.

Proor. (1.4) is obvious from (iv), (v) of Definition 1.3. So we only have to
show that < is a linear order on M. We check first, that < is antisymmetric.
Suppose a,beP or a,be Q. On 4 our relation is a linear order by Definition
1.3, (i). We may therefore assume, that a, b are not equivalent. From (1.2) we
obtain

PB(a) < PB(b) or P(b) < P(a)-

Therefore, when a, b e P, the first refation gives us b < a, not a < b, the second
leads to a < b, not b < a. When a,beQ, we get a < b not b < a from the first
and b < a, not a < b from the second relation. When acQ, beP, then a < b,
not b < a iff {a,b}¢P and b < a, not a < b otherwise.

Now we show, that < is transitive. Suppose a < b, b < ¢ we have to check
a < cin all the possible cases.

1) a~b. When b~ ¢, too, then a < ¢ follows from definition 3, (i). Now
assume, that b, ¢ are not equivalent. When b, ce(Q, then b <c gives us
Pb) = » P(c), so from a,b e Q and P(a) = P(b) we have P(a) = . P(b), a < c.
When b, ce P, then P(c) < . P(b) so again a < c.

2) a,beQ not equivalent. So we have B(a) =, P(b). Therefore when
ceQ, then b < ¢ gives us P(b) = P(c), so P(a) = . P(b), therefore a < c.
When ce P then b < c gives us {b, ¢} ¢B according to Definition 1.3, (iv).
From P(a) = P(b) we have {a,c} ¢ P, soa<c.

3) a,beP, not equivalent. So P(b)c.P(a). Again ceP gives us
PB(c) = PB(b), so a<c. When ceQ, then b < cis equivalent to {b,c} P, so
PB(b) = P(a) gives us {a,c} P and therefore again a < c.

4) acQ, beP. Here {a,b}¢P. When ceP, then P(c) = P(b) and a<c
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follows from aeQ, ceP, {a,c} ¢ P. When ceQ, then {b,c} B, so b¢P(a),
beP(c) implies P(a) = . P(b) according to (1.2), therefore a < c.

5) a€P, beQ. So {a,b}eP. Again for ceQ the relation b < c gives us
PB(b) = P(c), so {a,c} P and therefore a <c. When ceP, then {b,c}¢P,
so beP(a), b¢P(c), ie. Plo)=P(a) and a <c. [J

We use this theorem for obtaining a representation of every finite nested bi-
partite graph by a binary number:

DermrTioN 1.4, Suppose d = (dy, -, d,) is a binary number, define
M: = {1,2,---m}

P: = {ieM: d, = 0}
(1.5) {

0: = {jeM:d; =1}
(1.6) PB: = {{i,j}: d; =0, d; =1, i<j}.
Then y(d): = (M,’B) is the graph of d.

CorOLLARY 1.1. Thegraphy(d)is nested, bipartite and to every finite nested
bipartite graph v there exists a binary number d such that y and y(d) are iso-
morphic.

Proor. This is an immediate consequence of Proposition 1.1 and Theorem
1.1. O

A point ae M is a universal point of y, if ae P and P(a) = Q or aQ and
PB(a) = P.

COROLLARY 1.2. Suppose y = (M,P) is nested and bipartite having the
bipartition {P,Q} and < is a P-relation.

i) y has an isolated point in Q if and only if M has a minimal Q-block.(Minimal
with respect to the P-relation z induced on M by. the P-relation < according
to Lemma 1.3).

ii) y has an isolated point in P if and only if M has a maximal P-block.

iii) y has a universal point in Q if and only if M has a maximal Q-block.

iv) y has a universal point in P if and only if M has a minimal P-block.

V) y is connected if and only if M has no minimal Q-block and no maximal
P-block.

ProOF. i): be @ is isolated iff there exists no a € P with a < b, i.e. iff & is mini-
mal. The cases ii), iii), iv) follows by an analogous argument.
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(v) From (i), (ii) we obtain that the condition: A has no minimal Q-block
and no maximal P-block is equivalent to: M has no isolated points. Therefore
(v) follows from Lemma 1.1. [J

When M is finite, the condition (i) of Corollary 1.2 may be replaced by: y has
an isolated point in Q if and only if M has a minimal element in Q with respect
to the given P-relation < . The conditions (ii)—~(v) may be changed analogously.

COROLLARY 1.3. For a binary number d = (dy,--,d,) the graph y(d) is
connected if and only if d, =0,d, = 1.
Proor. Definition 1.4 and Corollary 1.2,(v). [

COROLLARY 1.4. The nested, bipartite graphs vy, = (M,,*B,) are isomorphic
if and only if there exist Pyrrelations <; on M; and an order-isomorphism ¢
Jrom M, to M, with $(P;) = P,.

Proor. Suppose first, that y,,y, are isomorphic graphs and that y is a graph-
isomorphism from y, onto y,. From Theorem 1.1 we get a P;-relation <; on
M satisfying (1.4). Then {{(P,),¥(M\ P,)} is a bipartition of y, and the def-
inition: a, <,b, if and only if Y~ '(a,) < ¥~ '(b,) for every a,, b,eM,
gives us a Y(P,)-relation <, on M, which is isomorphic to <, .

Conversely, when ¢ is an order isomorphism with ¢(P,) = P,, then (1.4)
gives us ¢(P;) = P,. O

DEerINITION 1.5. D,, denotes the set of all binary numbers with m digits.
We write 0°: =1, 1": =0 and to d = (dy,--,d,)e D, defined’: = (d{, -, d),
d = (d,, -, dy).

So d’, d”eD,, too and (d)” =(d™)".

CoROLLARY 1.5. Suppose d,d*eD, and y(d) is connected, (so when
d=(dy,,d,), then dy =0, d, = 1 by Corollary 1.3). Then y(d), y(d*) are
isomorphic if and only if d* =d or d* = (d~)'.

Proor. Assume first d¥ = d’~. Then (1.5) is a bipartition for both y(d) and
y(d*) and the mapping ¢: ¢(i) = m — i (i = 1,..- m) has the properties of Cor-
ollary 1.4. Conversely, when y(d) is connected, then the bipartition {P,Q} is
uniquely defined either leading todor d’-. [J

2. The number of nested bipartite graphs with » points

THEOREM 2.1. Suppose p, q are positive integers, p+q = m and p(p,q)
is the cardinality of nonisomorphic nested, bipartite connected graphs having
he bipartition {P,Q} with #P =p, #Q =q.
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Then

l((;n : i) when p # ¢,
@D Bpa) = 3 )
I m_—_>+ 23m=Y when p = q = m/2.
2
Proor. Corollary 1.5 gives us

ﬁ(P,Q)= #{{d’d/_}: d = (dla'”sdm)G[Dm, dl = Oa dm = 13 Z di = q}
i=1

When p # g, then

B(p,q) = #{deD,: d; =0,d,=1, L d;=4} = (I;I: f)

m— 2

When p = q=—r;—, then(mz_

2) counts the sets {d,d’~} with d # d'~ twice.
Now for

d=(dy, dpz, Quppr1, - dy)
we have d = d'~ if and only if d,/,_ ;41 = dp24; for j = 1,---mj2. Therefore

#{{dd }:deD,, d =0,d,=1,d=d"}

=% {(d1,"'dm/2)€[Dm/2: dl = O} = 2('"—2)/2 .

This gives us

m — 2 m — 2
ﬁ(%,g) = %[(m 2— 2)_ Am=2)/2 ] 4 2m=2)/2 _ %(m 2~ 2)+2%»(m—4>_ N

CoroLLARY 2.1. The cardinality B(m) of nonisomorphic nested bipartite
connected graphs with m points is

2.2) B(m) = { 2m-3 when m = 1(2),

2m73 4 2m272  when m = 0(2).

Proor. f(m)= Z{B(p,q): p+q=m, 1 < p<[im]}. Therefore, when
m = 1(2), Theorem 2.1 gives us

tm=D oy 1 122 (m -2 —
Blm) = ,,§1 (p—1)=§v%o( v )=2 .
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When m = 0(2) we obtain
1(m=1) m =2
B(m) (m - 1) + 1 (m = 2) +2m22
p=1 p - 1 2 2
2 m—2 m-—2
o SR (S N (Y PP
2,5 v 2\T 3 2\

— 2m—-3 +2(m—4)/2. D

I

it

3. Relations between nested bipartite graphs

DeriNITION 3.1, An edge {a,b) of a nested bipartite graph y = (M,®B) is an
endedge, if (M,B\{{a,b}}) is nested and bipartite, too.

ProposITION 3.1.  Suppose {a,b} is an edge of the nested bipartite graph
y = (M,P), {P,0Q} is a bipartition of y, acP, beQ and < is a P-relation.
Then {a,b}is an endedgeif and only if the following condition holds:

™ {c,d}ePB, ceP, deQ and G <¢ implies b<d or b =d.

ProoF. a) Suppose {a,b} is not an endedge. Then we find {ay,b,},
{az, b1} B \{a,b} with a,,a,€P,b;,b,€Q and {a;,b}, {as,b,} ¢ P \{a,b},
for (M, B \{{a,b}}) is not nested. y is nested, therefore {a,,b,} = {a,b} or
{a,,b,} = {a,b}. We assume {a,,b,} = {a,b}, s0 a, = a, b, = b. We have
by <ay for {ay,b;}¢P, a,<b, a<by for {a;,b}, {a,b;}e®P together
a<by<a;and b, <ay <b, ie. {a,,b,} violates the condition (*¥).

b) Conversely, let us assume that {a,b} P with aeP, beQ violates (*).
Then we find {c,d} B, ce P, de Q with d < b and d < ¢. From d < ¢ we obtain
u €P(a) \ P(c) according to Definition 3, (iii). From d < b and (c,d} P we get
{e,b}eB. So in (M, P \{{a,b}} we have {a,u}, {c,b} e P \{{a,b}}, with {c,u},
{a,b} ¢ P \{{a,b}}, proving that this graph is not nested. [J

COROLLARY 3.1. When y = (M,B) is nested, bipartite, p # & and 7 is
finite, then vy has an endedge.

Proor. When {a,b} is not endedge, we find {¢,d}eP with ¢<a, d<b.
Continuing this argument leads to an endedge, for ¥ is finite. []

When M is the set of rational numbers in the open unit interval and P is a
subset of M such that P and M \P are both dense in M, define
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PB: = {{a,b}:aeP, beM\P, a<b}. Then y = (M,P) is a nested bipartite
graph without endedges.

COROLLARY 3.2. When y = (M, P) is a finite nested bipartite graph then
there exists a sequence

(3.1 P =PocPic P, =P
with #(P\PB;-) = 1 for i = 1,---5 such that every y; = (M,'B,) is nested and
bipartite.

Proor. Obvious from Corollary 3.1. [J

COROLLARY 3.3. When deD,,, then {u,v} P, veQ, is an endedge of y(d)
if and only if there exists a weM = {1,---m}with d,=d,,; =---=d, =0,
dysqy =--=d,=1. In this case define d* = (dy,+dyy_1, 1,0,d,,15,---d,,).
Then y(d*) is isomorphic to y* = (M, P\ {{u,v}}).

ProOF. Apply Definition 1.4 and Corollary 1.1. [

When y = (M, ) is a finite nested bipartite graph, then its endedges may be

easily obtained from its adjacency matrix. They are cross-hatched in the follow-
ing diagram:

(From Lemma 1.2 we obtain that to every nested bipartite graph there exists
an adjacency matrix of the form of the diagram above).

DEFINITION 3.7. When y = (M,*B) has the bipartition {P,Q} and
(3.2) 0: = {{a,b}: acP, beQ, {a,b}eP}
then 7 = (M,P) is the {P,Q}-complement of y.
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LEMMA 3.1. When y is nested, then y© is nested, too.

ProOF. Suppose {a,b}, {c,d}eQ, a, ceP.b, deQ. Then {a,d}eP and
{c,b} P is impossible, for v is nested. So {a,d}€RQ or {¢,b}eQ. [J

The definition of y©depends not only on y but also on the bipartition {P,Q}.
This bipartition and therefore ¢ is uniquely determined if and only if y is con-
nected. According to Corollary 1.2 in this case y “is not connected and therefore
has more than one complement.

The following two corollaries are an immediate consequence of Lemma 3.1:

COROLLARY 3.4. When y is nested having the bipartition {P,Q} and the
{P, Q}-complement y°, then every P-relation of y is a Q-relation of y°. So
3.3) Q = {{a,b}: acP, beQ, b<a}

COROLLARY 3.5. y(d)° = y(d’) for every de D,

Another consequence is the following extension of (3.1) in Corollary 3.2.

COROLLARY 3.6. When y = (M,PB) is finite nested and bipartite with the
bipartition {P,Q} and
3.9 M = {{a,b}:acP,beQ}

then there exists a sequence

(3.5) F=PBocPrccP=PPyyyc P, =M
such that every y; = (M,B,) is nested, bipartite with the same bipartition
{P,Q} and #(P;\B;-1) =1 for i =1,---1.

Proor. Apply Corollary 3.2 on y and on y*. []

4. Aliernating chains in the nested bicoloured, complete bipartite graph

Let @ = (M, M) denote the complete bipartite graph with the bipartition
{P, Q} so that 9 is given by (3.4) and with the bicolouring {B,Q} of M. (A bi-
coloring is simply a bipartition of ). A colour P (or Q) of w is nested, if (M, P)
(or (M, RQ))is a nested graph. From Lemma 3.1 we learn that either {} and Q are
both nested or both not nested. Furthermore, when deD,,, then w(d) is the
nested coloured bipartite complete graph of d having the bipartition (1.5)
and the nested bicolourings

{‘B(d): = {{i,j};di=0,d; =1, i<j}

@.1)
Qd): = {i,j}:di=1,d, =0, i<j}
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A chain v = (N, N) in o is alternating, iff every 2 adjacent edges of v have dif-
ferent colours.

LemmA 4.1. When o has an alternating cyclic chain, then o has an alter-
nating cyclic chain of length 4.

Proor. When v = (N,R) is an alternating cyclic chain of minimal length 2¢,
wehave an arrangement of It to a sequence

({al’ bl} s {bla az} > {az’ bz}, {bt-—la at} » {atr bt} > {bn al})

where a;e P, b;eQfori =1,---,tand {a,b,} € B. When t > 2, then {a,, b,} ¢ R.
When {a,,b,} €Q, then ({a,,b,}, {bs,as}, -, {b,—1,a,},{a, b}, {b,a,} defines
an alternating cyclic chain of length 2t — 2. When {a,,b,} € B, then ({a,b,},

{by,a,},{as,b,},{b,a,}) defines an alternating cyclic chain of length 4. Both
results contradict the definition of . []

PrOPOSITION 4.1.  The colouring {P,Q} of w is nested if and only if o has
no alternating cyclic chain.

Proor. The colouring is not nested if and only if we find a,, a, € P, by, b,€Q
with {ay, by}, {as,b,} €P, {ay, by}, {a,, b} €Q, ie. if there exists an alter-
nating cyclic chain of length 4. Lemma 4.1 completes the proof. [

ProPOSITION 4.2. If 0 = (M, M) is bicoloured by {*B,Q}, such that y = (M, P)
is nested with the bipartition {P,Q}, < is a P-relation on M and v = (N, )
is a chain in w, then v is alternating if and only if the monotone arrangement
of N to a sequence (iy, --,i,) with iy <--- <, has the property

4.2) N ={i,iyrf:v=1,,r—1}.

PrRooF. We arrange N to a sequence (ji,--,j,) With W = {{j,,j,+1}:
y=1,-,r—1} and j; <j,. This arrangement is uniquely determined and
Definition 1.3 gives us immediately j, < :-- <j, if and only if v is alternating.

O

In general, a chain is uniquely determined by its edgeset, but not by its pointset.

However from Proposition 4.2 we obtain directly

COROLLARY 4.1. When o is nested coloured and v, = (N, W), i = 1,2 are
alternating chains with Ny = N,, then v; = v, .

Proor. From (4.2) we have %, = R,. [
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DEFINITION 4.1. A subsequence
4.3) 8 = (di, . d;)
of d =(dy,-,d,)eD,, is alternating if and only if
di,+d;,, ,=1forv=1,--r-1.

COROLLARY 4.2. &is alternating if and only if {iy,---,i,} is the pointset of an

alternating chain of w(d).

ProOF. The condition d; +d;,,, = 1 is equivalent to: i,e P iff i,,;€Q.

v+t
5. Counting alternating chains .
We now prepare a formula which counts the number of alternating chains in
o(d): When m is a positive integer, then
(5.1) v = (ny,---,n,): n, positive integers, n; + -+ +n, = m
is a partition of m.

DEFINITION 5.1.  The partition v(d) of d, deD,,, is defined by

(5.2) v(d) = (ny(d), - n(d)),
where the n,(d) are defined inductively as follows:
n(d): = # {ie{1,2,---m}: d; =d;_y = = d;}.

When p>1, n; + -+ +n,_; <m then
n(d): = # {ie{1,2,-,m}: d;=d;_y = - =d,,_ 11}
The following proposition is plain:

ProPOSITION 5.1. For every deD,, the partition v(d) of d is a partition of
m. When d, d*eD,,, then W(d) = v(d*) if and only if d = d* or d = d’. Con-
versely every partition v of m defines exactly two binary numbers d, d¥*eD,,
with v(d) = v(d*) and here d* = d’.

When {3, Q} is a nested bicolouring of the bipartite complete graph o = (M, M)
then the nested subgraphs y = (M, N) and y° = (M,Q) of o define the same
partition of M in blocks. We call these blocks the blocks of @ with respect to the
nested bicolouring {,Q}. Now, when o is finite and m= % M, we have a binary
number d € D, such that @ and w(d) are isomorphic coloured. From Definition
5.1 we obtain

LemMMA 5.1. Suppose (Ny,-:+,N,) are the blocks of w(d) and Ny < -+ < N,.
Then# N; = n{d).
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DerFiniTION 5.2, Suppose deD,, and
(53) n__'(hl"")hr)s 1 §h1<”'<hr§m'
When ¢ = (gq,:,8), 1 £ g, <--<g,<m, then 5, & are d-equivalent, iff
s=r and h,g,; are in the same block of w(d) for i = 1,---,r.
So, when h; £ g;, then the d-equivalence requires d;,, = d ., = --- = d

gi*

Lemma 5.2. To deD,, let
(54) (Nh“')Nt)’ N1<"'<Nt

be the increasing sequence of blocks of w(d). Furthermore for (5.3) assume
hi€ Ny, for i = 1,---,r. Then the cardinality of sequences ¢, which are
d-equivalent to 1 is Nypy = Ny, -

Proor. To h; we may choose g; arbitrarily in Ny, . O

LemMa 5.3. The set {hy,---,h,} of elements of n in (5.3) is the pointset of an
alternating chain of w(d) if and only if f(h) + f(hi11) = W) fori=1,---,r-1.

Proor. The condition is equivalent to d,, +d,,, =1 for i=1,..,s—1,
The lemma follows now from Definition 4.1. [}

This leads us to the following notation
5.5 W,o={I={iy, i c{l,2,, )iy < <ipi,+ i3, = 1(2)
for v=1,--,r—1}.
PROPOSITION 5.2. Whend e D,, has the sequence of blocks (5.4) and n; = %N,

and when a/d) is the cardinality of all alternating subsequences of d with r
digits, then

(5.6) a(d) = 2 []n

Ie,,, iel
Proor. Apply Lemma 5.2 and Lemma 5.3. [
(5.6) suggest to investigate the following polynomial:

DEFINITION 5.3.
Ar(xl’ ""xt) = Z Hxi

IeW,,, iel

is the alternating polynomial.

Define

b,: = #{IeW,: minI = 1(2)}
(5.8) {

6 = #{Je,,: minl = 02)}.
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LEMmMA 5.4. When t >0, then
(5.9 ¢re = Dbp-1.

Proor. The mapping i - i~ 1 for i = 2,..--,¢ maps {I €, ,: minI = 0(2)}
one-to-one onto {I*e¥,,_;:min I* = 1(2)}. O

LemMMA 5.5, Whent 2 r+2 and r> 1, then
(5'10) br,t = br,t—Z +br—1.t-1'

Proor. {Ie¥,,;:minl = 1(2)} = {IeW,,: minI = 1(2), minl = 3}
U{Ie¥, , minl =1}.

The mapping i — i—2 for i =3,---,t maps the set {Ie,,: 3 < minl =1(2)}
one-to-one onto {I*€W,,_,:min I = 1(2)} and the mapping I - {i—1:iel,
i # 1} maps {Ie U, ,: minI = 1} one-to-one onto {IeW,_,,_:minf = 1(2)}.

O
LeMMA 5.6. For 1 £r <t we have

t—[%(t—r+1)])_

7

(5.11) b,, = (
Proor. When r =t or r = ¢ —1, then clearly #{Ie, ,:minl=12)} =1
and the right side of (5.11) gives us the same value. When r =1, then

#{IeW,,: minl = 1(2)} = #{1,3,-‘-,2- [t + 1] — 1} = (£—+—1-) and again the

2 2

right side of (5.11). When 2 < r £ t — 2, we apply (5.10). Then we obtain by
induction

bro = bege+ brorg = (707 L 1>J) L ~L-r+ )

_ (t—[%(t—r+1)])' 0

r

COROLLARY 5.1.

(5.12) # 9, = (t -[Be-r+ 1)]) + (t -[Be-r+ 2)])'

r r
Proor. Lemma 5.4 and Lemma 5.6. []

COROLLARY 5.2,

513) A(%g) _ 1 [(t—[%(t—rﬂ)])+(t—[%<r—r+2>])]_

t t
r r
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1
PROOF. A,(l,-.- 1) = X ]—[-tl- = ;—#‘II,.,. a

H
t t TeW,.,; il

When d* = (1,0,1,---)eD, is the binary number with ¢-digits, with the first
digit 1 which is itself an alternating sequence, then (5.12) gives us the number
of alternating subsequences of r-digits of d*. Now define

(5.14) o, = max{a(d):deD,}.

We cannot prove in general the following conjecture

(5.15) o, = a(d®) fort=1,2,,r =1,2,-1.
When
(5.16) S ={(xy,,x)eR: x;, 20, Xx; 21}

then the following conjecture implies (5.15)
(5.17) max{4,(xs, -, X): (Xg,,x)eS} = AQ/t,-,1/t) .

When r = t, then (5.17) reduces to the arithmetic-geometric mean inequality.
Thenumber in (5.12) is the supposed upper bound in the so called ‘““Upper Bound
Conjecture” of convex polytopes [1]. (After this paper was sent for publication,
this longstanding conjecture was proved [3]). In fact the connections between
finite nested coloured bipartite complete graphs and the combinatorial structure
of a certain class of convex polytopes were the starting point of this investigation.
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